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Assuming the validity of the general relativistic description of gravitation on astrophys- 
ical and cosmological length scales, we analytically infer that the Friedmann- Robertson- 
Walker cosmology with Einsteinian cosmological constant, and a vanishing spatial cur- 
vature constant, unambiguously requires significant amount of dark matter. This re- 
quirement is consistent with other indications for dark matter. The same spacetime 
symmetries that underlie the freely falling frames of Einsteinian gravity also provide 
symmetries, which for the spin one half representation space, furnish a novel construct 
that carries extremely limited interactions with respect to the terrestrial detectors made 
of the standard model material. Both the 'luminous' and 'dark' matter turn out to be 
residents of the same representation space but they derive their respective 'luminosity' 
and 'darkness' from either belonging to the sector with (CPT)^ = +1, or to the sector 
with (CPTf = -1. 
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1. Introduction 

The first task that wc set for ourselves in this essay is to show that the Friedmann- 
Robertson- Walker (FRW) cosmology with fc = and ~ —\ requires significant 
amount of dark matter. This we accomplish without invoking the non-Keplerian 
galactic rotational curves or gravitational lensing data [T]-2|- The result can be 
interpreted in two ways. As a complimentary requirement for the dark matter, 
or as a breakdown of the general relativistic description of gravitation at large 
astrophysical and cosmological scales [IHE]. Continuing the study with the former 
possibility, we provide a natural explanation for the darkness of dark matter. This 
wc do by showing that the Dirac framework may suffice only for the description of 
the standard model fermions, and that dark matter — if we consider it fermionic, 
with spin one half — naturally asks for a dramatically new description where the 
dark matter field carries a Klein-Gordon, and not Dirac, propagator. This thesis is a 
natural consequence of a recent preprint [9] and two publications late last year [121 
I13j . The latter publications are somewhat technical, here we briefly reformulate 
them in a physically accessible manner. Should these results appear surprising then 
it suffices to note that while the abstract of Ref. [12] began as. "We report an 
unexpected theoretical discovery of a spin one-half matter field with mass dimension 
one," the abstract of Ref. [13] opened with the sentence, "Wc provide the first details 
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of the unexpected theoretical discovery of a spin-one half matter field with mass 
dimension one." 

For making this essay easily accessible to younger students we adopt a peda- 
gogical style. A more knowledgeable reader may in some instances just smile, and 
proceed without further interruption^ 

2. Dark matter: A phenomenological existence proof 

Since 1997, data on supernovae la luminosities has built an impressive evidence 
for the existence of a form of energy that is accelerating the present expansion 
of the universe [T4]-[19]. The latest data analysis [l9j favors this dark energy to 
be of the form postulated by Einstein in his now well-known cosmological term. 
The previous conflict between SNla data and the WMAP data on anisotropics in 
the cosmic microwave background noted by Jassal, Bagla, and Padmanabhan |20| 
is now resolved |21| . Furthermore, observations on primordial cosmic microwave 
background and large scale structure also favor a dark energy dominated universe 
which is spatially flat [22l [23] . 

In the context of inhomogeneous cosmologies, Wiltshire has raised a serious ob- 
jection [24l also [25H27] to the just-stated standard interpretation of the SN la data 
and has provided an alternate interpretation which does not require dark energy [29j . 
Working within the inflationary paradigm, he carefully distinguishes various clocks 
rates such as those associated with the astrophysically large gravitationally bound 
systems and the cosmic voids. Conceptually, the raised questions can hardly be 
ignored. Yet, the final verdict shall undoubtedly depend on whether such considera- 
tions turn out to be quantitatively important. Preliminary calculations are already 
encouraging [24\ 128] . So, if here we proceed with dark energy as an option it is in 
the spirit of an open enquiry without prejudice as to the ultimate nature of the 
physical reality. 

In the canonical wisdom, the data thus favors a FRW cosmology where k = 

0, uj^ = —1 with as constant. However, with an exception of a few papers, it is 
rarely appreciated that in this cosmology the non-linearity of the Einstein field equa- 
tions completely determines the proportionality constant that appears in the scale 
factor a{t) oc sinh^^'^ ([3A]^/^t/2) The proportionality constant depends on 
densities associated with matter and the Einsteinian cosmological constant A. The 
result of the analysis presented in [HI [32] is that the ratio of the corresponding den- 
sities is not arbitrary but it carries a well-determined temporal dependence. This 
leads to significant strengthening of the standard paradigm of the ACDM cosmology, 

1. e the FRW cosmology defined by the set [35] . 





{k = 0, 



1, P = Pm, P^P, 



0, p' 



,A 



constant} 



^To strike a balance between these two competing needs Sec.|2]is significantly more detailed than 
Sec. [3] This has been done because the main thesis of Sec. |3] has recently appeared in Ref. | 13| in 
monographic detail. 
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In particular, the stated circumstance when exploited in the context of the stellar age 
bound determined by the ages of the globular clusters, and the fact that fractional 
density associated with the standard model content ilgm w 0.05, requires existence 
of dark matter. These arguments are now refined and extended exploiting the recent 
work of alsoHnilTI]. 

For the stated cosmology the Einstein field equations, when their non-linearity 
is fully respected [S], yield for the matter-dominated epoch 



^K{t) + n,S) = l (2) 
r!A(t)-CWf^m(i) = (3) 

where 

Here we introduced ta := ^/TJA■ The rest of the notation is standard, and is defined 
in Ref. [S] with the special attention being paid to the fact that all matter compo- 
nents in rim are considered non-relativistic (i.e., = 0). The latter is the import 
of considering the 'matter dominated epoch'. Specifically, the fractional densities 
r^A and Qrn are defined as 

_ SttG/ _ A _ STTGpm ..s 

where we used := A/{8nG). Here, G is the Newtonian gravitational constant 
and equals 6.7065 x 10~^^ GeV^^. And, H is the Hubble parameter. Its value for 
the present cosmic epoch shall be represented by Hq below. 
Equations ([2]) and ([3]) carry the following solutions 

Use of the definition of C{t) from Eq. ^ immediately renders the above result into 
the form 



= tanh^ ^— , sech^ ^— (7) 





Our task for the phenomenological existence proof of dark matter now reduces to 
showing that t/T\ for the present cosmic epoch is such that the resulting Om far 
exceeds that which can be accounted for by the standard model contribution of 
r2s,n « 0.05 

As such, in order to obtain these fractional densities for the present cosmic epoch 
we now need to constrain the cosmological constant A (that yields ta), and to obtain 
an expression for the age of the universe within the considered FRW cosmology. We 
shall first present a detailed calculation. This would be complimented by a 'back 
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of the envelop' estimate to complete the phenomenological existence proof of dark 
matter. That would then allow us to return to the important question of its darkness. 

The scale factor a{t) evaluated in Ref. [9l [33] yields the present age of the 
universe to be [36j 



This is in agreement, e.g., with the results contained in Eq. 3.32 of Ref. [37] and 
in Eq. 54 of Ref. |23| . In the expression for to, and f2ni evaluated at to, we now 
substitute ilA{to) A/{3Hq), and set 

= 9.776/i~^ Gyr, 0.64 <h< 0.80 (9) 

as obtained from the Hubble Space Telescope Key project [38]. Concurrently, we 
take the cosmological constant to be 

A = ASttGIO""^ GeV (10) 

where A is of the order of unity (to be constrained below). This exercise gives 



1+ V»A(to) 

v/1 - n^ito) 



(8) 



to 



TA 



18.55 
16.06 



In 



3 + 1.054 



9 - 1.111 



/l2 



Gyr 



Gyr 



^m(to) = sech^ 




(11a) 



(lib) 



flic) 



For A > 2.5 and h = 0.72 (a suitably extended range of A and h shall be discussed 
soon, below), the variations of to and f2m(to) as a function of A are given in Figures[T] 
and[2] It is apparent from Fig.[T]that the demand that to be greater than the stellar 
age bound [3S1[23] of 12 Gyr, constrains the cosmological constant to A > 2.5 (for 
h = 0.72). The present cosmic epoch of 13. 5±1. 5 Gyr corresponds to 2.50 < A < 3.45 
(for h=0.72). 

Figure [21 clearly shows that for the present cosmic epoch 0.22 < fi,„ < 0.35. The 
standard model contribution Slgm ~ 0.05 falls too short to account for the obtained 
rim- This deficit is the dark matter. Its existence is here arrived at without invoking 
the non-Keplerian galactic rotational curves or the data on gravitational lensing [I]- 

El- 

To emphasize this point further it is instructive to define 



a 



In Figure [31 we exhibit its variation with A for Qsm ~ 0.05. For the present cosmic 
epoch we thus find 3.3 < a < 5.9. Or, equivalently 0.17 < fldm < 0.30. That is. 
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to versus X (h=0. 72) 




2.5 2.75 3 3.25 3.5 3.75 4 
A ^ 



Fig. 1. The present cosmic epoch of 13.5 ±1.5 Gyr corresponds to 2.50 < A < 3.45 (for h=0.72). 
It can be shown that for h=0.64, the range reduces to roughly 1.3 < A < 2.4, while for h = 0.80 
the present cosmic epoch of 13.5 ± 1.5 Gyr corresponds to roughly 3.7 < A < 4.6. 

f2m(to) versus X {h=0.72) 




2.5 3 3.5 4 

X ^ 



Fig. 2. The variation of Qm with A. For the present cosmic epoch 0.22 < Qm < 0.35. 

for the present epoch, the cosmic energy budget carries some three to six times as 
much dark matter as that contributed by the particles of the standard model of the 
high energy physics. 

Much of the above considerations were confined to /i = 0.72. Figure [4] shows that 
a similar result holds for the entire observationally allowed range 0.64 < h < 0.80. 
That is, the arrived dark matter existence in the present cosmic epoch is not specific 
toh^ 0.72. 

The whole analysis can be put in the following 'back of the envelop' argument. 
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a:=Qdm/^sm versus X {h=0.72) 




2.5 2.75 3 3.25 3.5 3.75 4 



Fig. 3. The plot of a as a function of A for Csm = 0.05; showing that there is roughly three to six 
times more dark matter as compared to the total contribution from the particles of the standard 
model of high energy physics. 

For h = 0.72, the stellar age bound constrains the Einsteinian cosmological constant 
— see Eq. ([TU]) — to A « 3.0. This gives ta ~ 9.3 Gyr. For the present epoch of 
roughly 13.5 Gyr (corresponding to A « 3.0), Eq. ([7]) yields flm ~ 0.28. However, 
f^sm ~ 0.05 can only account for a small fraction of this obtained value. This leaves 
the fractional density ^Idm '■= — ^sm ~ 0.23 to point towards some form of 
non-standard model matter in the non-relativistic form. This, by definition, is the 
astrophysical/cosmic dark matter [40] . 

The dramatic discordance between the calculated l^m and the observed ilsm 
may be alternatively interpreted, not as pointing towards the existence of some 
non-standard model matter (i.e., dark matter), but as a breakdown of the general 
relativistic description of gravitation at large astrophysical and cosmological length 
scales. Such a degeneracy in possible interpretations is best resolved by experimental 
and observational efforts. In the remainder of this essay we shall follow the dark- 
matter interpretation and find that it may indeed be pointing towards a very novel 
form of matter. 

3. Dark matter: Its darkness 

All fermionic fields of the standard model of particle physics may be expressed in 
terms of the Dirac spinors. Formally, these spinors live in the (1/2,0) © (0,1/2) 
representation space [43tl44]. Since the 1962 work of Wigncr it is known that these 
may not describe the entire physical reality of the high energy physics [45j . Yet, 
till late last year, mostly due to non-trivial technical reasons and for an apparent 
lack of physical motivation (i.e, before the suggestions of dark matter was taken 
seriously), no concrete construct of the type suggested by Wigner existed for spin 
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one half [IS] . 




Fig. 4. The variation of a as a function of A and h for fism = 0.05. It shows that for almost the 
entire displayed range, 1.3 < A < 3.3 and 0.64 < h < 0.80, the dark matter measuring parameter 
a remains significantly away from zero. Note parenthetically, that the denominator of Eq. JTTaJ 
yields physically meaningless region just beyond A = 3.3 around h = 0.64. This is the region at the 
lowest right hand corner of the above plot. And, only in this extreme region docs a hover around 
zero. 

To heuristically arrive at the conclusion of Wigner's notes, as he called them, we 
first make the obvious observation that the indicated representation space supports 
various symmetries. Of these, the charge conjugation (C), the parity (P), and time 
reversal (T) symmetries are the most relevant for the argument. The Dirac spinors 
are the eigenspinors of the P operator. Now C and P when acting upon these spinors 
do not commute; instead, they anti-commutc. Consequently, a quantum field built 
upon the eigenspinors of the C operator should describe physically distinct type of 
new particles. 

A brief report on the construction of such a quantum field was recently presented 
in [12] while the monographic details were archived in . The ensuing result states 
that the quantum field based on the eigenspinors of the C operator does not carry 
the Dirac propagator but, instead, that due to Klein and Gordon. This endows the 
new field with mass dimension one. rather than three half as for the Dirac field. 
This happens despite the fact that the new field is fermionic. and carries spin one 
half. It is endowed with several novel features. A few of these are summarised in 
Table I. 
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The first two properties enumerated in the second column are in accord to 
formal expectations based on Wigner's work [J^, while da Rocha and Rodrigues 
have shown [49] that the new field is class 5 in Louncsto spinor classification |50j . 
The field carries a 'minimal' element of non-locality as required by the 1966 work 
of Lec and Wick |51| on Wigner classes and may be important for resolving the 
'horizon problem' in cosmology. 

The third and the fourth results are intertwined. In contrast, they have emerged 
as a surprise. Unexpectedly. The mass dimensionality of the new field immediately 
places it out of bounds for essentially all standard model interactions. The new 
particles cannot be part of the standard model fermionic doublets because the mass 
dimensionalities mismatch. The most dominant interaction which the new particles 
can carry is with the Higgs |52j . 

In addition, and unlike the standard model fcrmions where the quartic self in- 
teraction is suppressed by two powers of Planck mass, the new particles carry an 
unsuppressed, and crucial [53], quartic self interaction. This is because of their 
mass dimensionality one. These aspects endow the new particles with a darkness 
with respect to detectors made of the terrestrial standard model material and makes 
them natural dark matter candidates. Due to its over abundance with respect to 
the standard model matter in the astrophysical and cosmological environments, the 
gravitational effects of dark matter remain as its primary signature. It is there that 
dark matter primarily manifests its presence and its consequences. 

Given the role of Higgs in its interactions with the new dark matter candidate 
one may expect its appearance at Higgs factories. By the same token, its effects 
in early universe, particularly in the context of matter-antimatter asymmetry, may 
be profound. This is due to the mismatch of the CPT phases at the interface with 
the standard-model matter. But here, our emphasis is on obtaining the darkness. 
The new construct provides it in a natural fashion without extending the spacetime 
symmetries, say to super-symmetry. 

Lest these results acquire a mysterious life let us hasten to add a few remarks 
to help evaporate any such feeling. The entire physical content of the seventy six 
pages of published calculations and discussions in references [lU [13] essentially 
resides in the fact that the C, P, and T properties, and the emergent propagators, 
of the quantum fields is carried by the relative helicities and phases of the (1/2, 0)- 
and (0,1/2)- transforming components of the (1/2,0) © (0,1/2) spinors. For the 
eigenspinors of the P (i.e., spinors underlying the Dirac field), the relative helicities 
of the said components are same. For the eigenspinors of the C (i.e., the spinors 
underlying the new spin one half field), the relative helicities of the said components 
are opposite. The remaining degree of freedom in the relative phases between these 
spinorial components is fixed by requiring that these be such that they become P 
and C eigenspinors. Once this is appreciated the eigenspinors in the rest frame, 
apart from a normalisation factor, are uniquely determined. The (1/2, 0) (0, 1/2) 
boost then furnishes us a set of complete spinors. One set of four spinors for the 
Dirac case, and the other for the new construct. The propagator then turns out to 
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depend on the respective spin sums. For the Dirac case these spin sums have the 
usual -^'y^Pfi ± 1 form and yield the celebrated Dirac propagator. For the new field 
these spin sums take the form 1 ± ^(p), and yield the propagator 

5(a. 7^ e-^.(.-.'") ^ + (13) 

^ ' J (27r)4 pf.pt^-m^ + ie ^ ' 

The limit e ^ 0+ is understood. A simple calculation using the eigenspinors of C 
shows that G{v) is an odd function of p: ^(p) = — ^/(— p). This has the consequence 
that in the absence of a preferred direction — a circumstance which may be spoiled 
by existence, say, of an external gravitomagnetic field — the integration over Q (p) 
vanishes. This leaves behind a Klein-Gordon propagator multiplied by an identity 
matrix in the (1/2, 0) (0, 1/2) representation space. 

Table I. Some of the properties of the new field as compared to that of 
Dirac. Here, 1 represents a 4 x 4 identity matrix in the (1/2,0) © (0, 1/2) 
representation space. For the commutator and anti-commutator relations it 
is implicit, as a knowledgeable reader knows, that their validity holds while 
acting on the relevant spinors. Same holds for the statement on (CPT)^. 
The propagators are obtained by calculating the vacuum expectation value 
of the relevant time ordered product of the field operators. The calculational 
details appear in [12l [13] . 



Quantum field based on 
Eigenspinors of P 


Quantum field based on 
Eigenspinors of C \1S\. \13^ 


{P,C} = 
{CPTf = +1 
Propagator: Dirac 
Mass dimension: 3/2 


[P,C] =0 

(cpr)2 = -1 

Propagator: Klein-Gordon x 1 
Mass dimension: 1 



Should the reader wonder as to where did the Lagrangian enter; the answer 
is, nowhere. And, that is the beauty of Wigner-like arguments we constructed. It 
is now obtained by 'inverting' the propagator. Similarly, the new construct does 
not apply to Majorana neutrinos. Was that to be done, they would cease to be 
part of the standard model doublets due to mass dimensionality carried by the new 
construct. A more detailed discussion on the subject can be found in the already 
cited references. Here it suffices to note that the 1937 Majorana proposal is not at 
the level of representation space [54]. It still uses Dirac spinors. Only at the level of 
Fock space does it identify the 'particle-' and 'antiparticle-' creation and destruction 
operators. 
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4. Conclusion 

If one insists on the validity of the general relativistic description of gravitation 
on astrophysical and cosmological length scales, then the considered Friedmann- 
Robertson- Walker cosmology with Einsteinian cosmological constant, and vanish- 
ing spatial curvature constant, unambiguously requires significant amount of dark 
matter. This requirement is consistent with other indications for dark matter. The 
same spacetime symmetries that underlie the freely falling frames of Einsteinian 
gravity also provide symmetries, which for the spin one half representation space, 
furnish a novel construct that carries extremely limited interactions with respect 
to the terrestrial detectors made of the matter described by the standard model of 
high energy physics. A case is made that both the 'luminous' and the 'dark' matter 
are residents of the same representation space but they derive their respective 'lu- 
minosities' and 'darkness' from being either the (CPT)^ = -1-1 carrying eigenstates 
of the parity operator, or the [CPT)"^ = — 1 carrying eigenstates of the charge 
conjugation operator. 
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